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Abstract Combining and separating incompressible flow of Newtonian and inelastic
Herschel–Bulkley fluids is studied numerically employing a semi-implicit Taylor–Galerkin
pressure-correction algorithm, where steady solutions are obtained through a transient finite
element procedure. The influence of inertia and fluid rheology is analysed on flow patterns,
velocity fields and pressure drops for various flow configurations, with fixed geometric gap
width that stimulates the merging and splitting in the flow. For Newtonian fluids and at
larger levels of inertia, the appearance of vortices was observed, with an increase in velocity
differences and pressure drops across the channel. In this case, the numerical procedure was
verified with good agreement against previous numerical and experimental observations.
To extend the consideration to non-Newtonian inelastic materials, the material rheological
characteristics were approximated with the use of the Herschel–Bulkley fluid model, in-
corporating the Ostwald–de Waele power-law model and viscoplastic yield stress. Findings
for unyielded power-law fluids reveal slight increase in the size of the vortices as power
index (m) was decreased. Variation of the consistency index (k) shows strong influence on
the streamline patterns with a rapid increase in the vortex formation as k was decreased.
For Bingham model solutions, devoid of shear-thinning and increasing yield stress, a higher
value of Reynolds number is required for equivalent levels of vortex formation; also one
observes the appearance of yielded and unyielded regions. Under Herschel–Bulkley mod-
elling, there was little change noted in the kinematics, but some was apparent in rheological
response. Once more, observations reveal the tendency to eliminate vortices at larger yield
stress levels, with the appearance of unyielded regions.
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Notation
k consistency index
L characteristic length
m power index
n number of steps
p hydrodynamic pressure
Q flow rate
R channel diameter
Re Reynolds number
t time
U characteristic velocity
V fluid velocity
t time step
∂u
∂y
shear rate
τ extra-stress
ρ fluid density
μ fluid viscosity
μ∞ infinite viscosity
β plate separation gap
α plate thickness
τ0 yield stress
1 Introduction
Combining and separating flows occur as important unit operations in chemical engineer-
ing applications, and most configurations involve complex fluids. The term “mixing” (here,
used as merging of flows) attributes mainly to the process of reducing the degree of non-
uniformity or gradient of a particular property, that is, concentration, viscosity or colour
(Chhabra and Richardson 1999). Most of these fluids include polymeric liquids with a va-
riety of rheological behaviour ranging from Newtonian to viscoelastic. These types of fluid
processing procedure are abundantly involved in the food industry, liquid manufacturing,
steel processing, pharmaceutical, chemical petroleum and oil industries and can include dif-
ferent classes of non-Newtonian materials like polymers, paints, food products and drilling
fluids (Bird et al. 1977, 1983; Barnes et al. 1989; Tanner and Walters 1998; Tanner 2000).
In practical situations, combining and separating flows may occur in industrial or
biomedical situations, for instance, to produce a uniform product, separate or blend flu-
ids as occurs under swallowing of food stuffs (Nicosia 2007; Nicosia and Robbins 2001)
transported down the pharynx and oesophagus. Concerning the swallowing impaired, the
correct functioning of the throat valve strongly influences flow splitting alongside food
material characteristics. In this research, an investigation is conducted using finite el-
ement modelling to analyse the Newtonian and non-Newtonian fluid flow in a merg-
ing and splitting laminar state. Under Newtonian conditions, the study concentrates on
the flow patterns that result under various boundary conditions and an inertia parame-
ter analysis. This covers variation in Reynolds number, velocity fields and pressure drop.
For this a finite element simulation of the flow configuration is presented, based on a
semi-implicit Taylor–Galerkin pressure-correction algorithm (Townsend and Webster 1987;
Hawken et al. 1990). The flow is analysed with a variety of bifurcations to investi-
gate the influence of inertia on Newtonian flow under various flow settings. With ref-
erence to a mixing and separating flow cited in the literature (Cochrane et al. 1981;
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Walters and Webster 1982), where both unidirectional and reverse-directional flow occur
simultaneously, this benchmark problem manifests flow characteristics for both Newtonian
and non-Newtonian fluids and the analysis of the numerical solutions generated for this
complex flow.
Newtonian fluids are both shear-rate and strain-rate independent, manifesting a constant
shear viscosity, zero first normal stress difference, and a constant extensional viscosity. Yet,
there are other fluid types that exhibit somewhat different rheological response. For Bing-
ham fluids, flow commences only when shear stress reaches a certain limit (Bingham 1992);
therefore there is presence of yielded and unyielded flow regions, observed from early stud-
ies on entry and exit flows of Bingham fluids by Abdali et al. (1992), Savreux and Jay (2007)
studied viscoplastic fluid mixing in a rotating tank, observing static and moving unyielded
zones, and the disappearance of vortices as yield stress was introduced. Marouche et al.
(2002) performed studies on the numerical modelling for such yield stress fluids in a mixing
vessel and Zisis and Mitsoulis (2002) worked on viscoplastic flow around a cylinder held
between parallel plates. All authors observed the appearance of yielded and unyielded zones
as yield stress was introduced. To accommodate this scenario, where both flow and no-flow
occur simultaneously, several modifications to the constitutive equations have been proposed
and this includes viscous regularisation, where a smooth transition in stress is mathemati-
cally ensured as shear-rates asymptote to vanishingly small values (cf. Papanastasiou 1987).
Inelastic-viscoplastic rheological behaviour can be represented using the Herschel–
Bulkley (HB) model, which incorporates the Ostwald–de Waele power-law model, and a
viscoplastic yield stress model. Previous research has shown the use of several types of
viscous regularisation method for the Herschel–Bulkley model. Zhu et al. (2005) stud-
ied non-Newtonian fluid with yield stress; proposing a generalised model found to be
better than the Herschel–Bulkley–Papanastasiou model. Rudman et al. (2004) studied
pipe flow of shear-thinning fluids using the Herschel–Bulkley model; Alexandrou and Le
Menn (2003) studied flow instabilities for the Herschel–Bulkley fluid (employing a reg-
ularised Herschel–Bulkley–Papanastasiou model) and verified the importance of having a
finite yield stress for Herschel–Bulkley flows; likewise, Alexandrou et al. (2001) studied
steady three-dimensional expansion flow. All authors found good qualitative agreement with
experimental data.
Summarising, the most general constitutive model choices employed in the present work
for material representation is that of Herschel–Bulkley form, which incorporates the power-
law (inelastic) and Bingham models (yield stress). Initially, unyielded-inelastic power-law
properties are resolved, with shear-thinning behaviour observed for m less than unity and
Newtonian response achieved with m = 1. Subsequently, viscoplastic analysis is conducted
via the Bingham model (shear independent), with parameterisation over increasing levels
of yield stress. Finally, full Herschel–Bulkley modelling combines analysis for inelastic
behaviour with the viscoplastic response.
The present flow problems of interest have been investigated numerically with validated
experimental evidence by Cochrane et al. (1981), Walters and Webster (1982) (experimen-
tal, finite difference solutions) and Baloch et al. (1995b) using a transient finite element
approach that employed a pressure-correction scheme. The flow domain and problem is that
of two thin insert plates positioned along the horizontal central plane of a channel and par-
allel to the channel walls with a separating gap between the two plates. Previous studies
(Baloch et al. 1995b) have employed thin plates and various merging and separating config-
urations with comparison for three different plate-separation gap widths and increasing flow
rates. These authors employed a network model of Phan–Thien/Tanner (PTT) to represent
the behaviour of a Boger fluid, and demonstrated numerically the effects of variations in
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gap width, inertia material parameters, increasing elasticity and flow conditions. Recently,
Afonso et al. (2011) have studied viscoelastic flows in mixing-separating cells using a finite-
volume method to assess the effects of Deborah number (De), Reynolds number and gap
size on the two-dimensional flow dynamics. These authors employed the upper-convected
Maxwell model to describe the creeping flow of viscoelastic fluids. Results show that for
Newtonian creeping flow, the ratio of reversed flow rate to total flow rate increases with
larger gap sizes. For viscoelastic flows, below a critical and supercritical gap size, increas-
ing Deborah number slightly enhanced the reversed flow and leads therefore to a consistent
increase in reversed flow-rate ratio. Also, and in passing, we may comment on the various
techniques that have been used by other researchers to examine flow characteristics in typical
mixing and separating configurations, usually involving turbulent mixing and often multiple
material state phases. Sendilkumar et al. (2007) studied the fluid mixing characteristics in a
turbulent jet mixer for Newtonian and non-Newtonian fluids using computational fluid dy-
namics (CFD). That study involved flow patterns that result inside a jet mixer under various
configurations. These authors focussed mainly on the mixing time, when comparing Newto-
nian and non-Newtonian fluids under different jet nozzle configurations. Findings revealed
that Newtonian fluids showed a better flow pattern on the streamlines and mixing times were
far less than those for non-Newtonian fluids. Moreover, Fox and Gex (1956) studied single
phase blending of liquids, also focussing on the mixing time; results indicated that the mix-
ing time is dependent on the jet Reynolds number. Jayanti (2001) studied the hydrodynamics
of jet mixing using CFD analysis and showed the effects of flow circulation patterns in the
reactor. Until recently, most research in this area has concentrated on turbulent jet mixers,
striving to correlate mixing time to the jet Reynolds number.
In the context of the present study, the model problem manifests dominant flow splitting
and separating characteristics.1 Here, we demonstrate the consequent kinematics and their
various bifurcations that arise, to reveal the effects of increasing inertia on vortex develop-
ment, velocity fields and pressure drops. In doing so, we concentrate on the problem with
thin insert plates, fixed geometric gap width and equal flow rates in all channel arms, whilst
varying boundary conditions. Steady solutions were obtained through a transient finite el-
ement approach that employs a Taylor–Galerkin pressure-correction scheme, developed in
our earlier work (Hawken et al. 1990). This leads to a time-stepping algorithmic framework,
with multiple and fractional-staged equations performed within each time step.
2 Combining and separating flow problem
The details of the particular combining and separating flow problem considered are pre-
sented schematically in Fig. 1. The insertion of the plates into the domain creates two inlet
and two outlet channel arms of equal dimension on opposing sides of the partition and a
plate separation gap of width β . The plate separation gap considered is β = 2.875L where
L is a characteristics length taken as the height of an inlet channel arm. The thickness of
the plate is taken as α = 0.1L and a sufficiently long length of channel of 23L is selected to
reflect fully developed flow at entry and exit of the domain.
In order to compare our numerical approach directly with Baloch et al. (1995b), the
specification in Fig. 1a has been considered as the standard benchmark problem. The first
creeping flow of the Newtonian fluid was simulated until fully developed steady conditions
1Here, the flow is laminar and streamlines do not cross, so that merging flow is a more apt description than
mixing.
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Fig. 1 Boundary conditions for (a) mixing-separating flow, and (b) separating flow
are reached. Then, increasing levels of inertia were introduced by varying the Reynolds
number. This permits an analysis of the influence of inertia on the flow patterns, velocity
fields and pressure drops. Firstly, a Poiseuille flow was generated in the two-dimensional
domain as presented in Fig. 1a. Here, the Newtonian problem employs a Poiseuille-type
flow at both inlets to the channel with stationary boundary walls. Secondly, in order to vary
the geometric design of the problem, we assume a separating flow as presented in Fig. 1b.
The Newtonian problem employs a Poiseuille-type flow at only the top inlet of the channel,
with the bottom channel filled with stagnant fluid.
3 Governing system of equations
We consider a spatially bounded domain with a piecewise smooth boundary and a temporal
domain, with x and t representing the associated spatial and temporal coordinates. In the
absence of body forces, the corresponding equations for conservation of mass and momen-
tum transport for an incompressible isothermal flow of a Newtonian fluid, may be stated as
(Baloch et al. 1995a; Baloch 1994)
• Continuity equation,
∇ · u = 0 (1)
• Momentum equation,
ρut = ∇ · (μ∇u) − ρu · ∇u − ∇p (2)
In non-dimensional form, the equivalent generalised continuity and momentum equations
for a non-Newtonian fluid can be expressed, respectively, as
∇ · u = 0 (3)
and,
Reut = ∇ · (2μD) − Reu · ∇u − ∇p (4)
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where
Re = ρUL
μ
D = 1
2
(∇u + ∇u†)
and vector velocity u = (u, v) with components in the x and y direction, respectively; p is
hydrodynamic pressure, ρ is the density, and D is rate of deformation tensor defined over
space and time. Characteristic scales of velocity U , length L, and viscosity μ are taken of
mean velocity, entry channel width and zero shear-rate viscosity, respectively. For a gener-
alised inelastic non-Newtonian fluid, (4) can be expressed as
Reut = ∇ ·
(
2μ(γ˙ )D
) − Reu · ∇u − ∇p (5)
where the viscosity is shear-rate dependent.
Further to the field equations, a consistent set of initial and boundary conditions are also
required in order to resolve pressure and velocity distributions. We employ both Dirich-
let and Neumann type boundary conditions (see Fig. 1). No-slip boundary conditions are
assumed on the channel walls (u = v = 0).
From the continuity equation, the velocity of the flowing fluid is
V = 4Q
π · R2 (6)
where Q is the volumetric flow rate, and R is the channel diameter.
3.1 Material modelling considerations (Herschel–Bulkley fluid)
For Newtonian fluids, with constant viscosity, shear stress is directly proportional to shear
rate, viz:
τ = μ∂u
∂y
(7)
where τ is the shear stress, μ is the dynamic viscosity and ∂u
∂y
is the shear rate.
For non-Newtonian fluids, the shear stress is non-linearly proportional to shear rate, typ-
ically of the power-law form:
τ = k
(
∂u
∂y
)m
(8)
where k is a consistency index and m is a power index. Under such power-law representa-
tion, as m decreases, the apparent viscosity of the fluid decreases displaying shear-thinning
response. For increasing m, the apparent viscosity increases, and the attendant response is
termed dilatant/shear-thickening.
For viscoplastic materials termed ‘Bingham plastic’, some shear stress is required for the
material to flow, so that
τ = τ0 + μ∂u
∂y
(9)
where τ0 defines the yield stress.
Under Herschel–Bulkley modelling, (8) and (9) are combined, where stress exerted on
the fluid is non-linearly related to the strain. The three parameters that characterise the flow
are the consistency index (k), the flow index (m), and the yield shear stress (τ0). Thus, the
Herschel–Bulkley model is derived, as
τ = τ0 + k
(
∂u
∂y
)m
(10)
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Fig. 2 (a) Viscosity. (b) Shear
stress vs. shear rate for
Herschel–Bulkley fluid, under
viscous regularisation (Re = 25,
m = 0.7)
Viscous regularisation is imposed on the Bingham and Herschel–Bulkley models, by
fixing a constant viscosity value at a prescribed low shear-rate level (10−4 units). The cor-
responding rheometrical response of the Herschel–Bulkley model is shown in Fig. 2a (vis-
cosity) and Fig. 2b (shear stress), at increasing levels of yield stress. Then, a unit Newtonian
viscosity reference level would be attained with m = 1 and vanishing yield stress; here,
shear stress is observed to smoothly decline with deformation rate according to this viscous
approximation. The shear viscosity plot reflects elevation in zero shear-rate value with ris-
ing yield stress levels. Correspondingly from Fig. 2b, increasing yield stress levels have a
significant impact on the shear stress, which appears at deformation rates less than unity.
4 Numerical algorithm and discretisation
The numerical discretisation and simulation, employs a temporal-spatial Galerkin finite el-
ement approach, Taylor–Galerkin pressure-correction scheme. Here, we solve the resulting
Navier–Stokes and inelastic equations (equations (4) and (5)) together with the incompress-
ibility constraint (equation (3)) using a semi-implicit time-stepping procedure. The scheme
is based on a fractional-step method, utilising semi-discretisation in the temporal domain,
through a Taylor series expansion in time (Donea 1984) and a pressure-correction procedure,
to extract a time-stepping scheme of second-order accuracy (Van Kan 1986). The Taylor–
Galerkin pressure-correction scheme has three distinct fractional stages per time step:
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Stage 1: From the given initial velocity and pressure fields, we calculate a non-divergence
free velocity fields, Un+1/2 and U ∗ through a two-step predictor corrector procedure
solved by Jacobi iteration method. This choice is made for reasons of dependency on
dominant mass-matrix presence, see Van Kan (1986) for further detailed explanation on
solver choice and implications.
Stage 1a:
2Re
t
(
Un+1/2 − Un) = [∇ · (2μ(γ˙ )D) − ReU · ∇U − ∇p]n + ∇ · μ(Dn+1/2 − Dn)
Stage 1b:
Re
t
(
U ∗ − Un) = [∇ · (2μ(γ˙ )D) − ∇p]n − [ReU · ∇U ]n+1/2 + ∇ · μ(D∗ − Dn)
Stage 2: Having solved for U ∗, next we calculate the pressure difference (pn+1 − pn)
through a Poisson equation, as shown below;
t
2
∇2(pn+1 − pn) = Re∇U ∗
This stage is resolved with a Choleski decomposition direct solution method.
Stage 3: Finally, using U ∗ and pressure difference (pn+1 − pn) solutions, a divergence free
velocity field Un+1 is determined as follows:
2Re
t
(
Un+1 − U ∗) = −∇(pn+1 − pn)
This stage is resolved through Jacobi iteration, as for stage one, being dominated in
character by mass-matrix form on the left hand side, extracted through the finite element
approximation.
Finite element discretisation The flow domain was discretised through structured triangu-
lar elements, employing a mixed-order Taylor–Hood type finite element, with piecewise-
continuous quadratic interpolation for velocity and linear for pressure. Then, velocity nodal
variables are located at the vertex and mid-side nodes (six), whilst pressure variables are
restricted to the vertex nodes only (three). With regard to solution consistency and mesh
convergence, at least three meshes were explored in all cases, and mesh-converged solutions
were ensured with minimum influence of the mesh size. As illustrated in the zoomed mesh
representations of Fig. 3, Mesh 1 employs 800 elements, Mesh 2 has 3200 elements and
Mesh 3 has 12800 elements (see Table 1). Comparing the mean velocity component at the
central inlet and outlet region on both channel arms in each of the three meshes, a spatial
convergence rate of h3.57 was estimated, as shown in Fig. 4. In assessing quality of mesh
convergence, reference is taken to the most highly refined mesh with 12800 elements.
5 Newtonian solutions
In this section, we first present numerical solutions for Newtonian combining-separating
flow, governing investigation into the influence of inertia on flow streamline patterns, vortex
size, velocity field and pressure drops. These benchmark problem results were obtained
using the computational meshes presented in Sect. 4 and provide validation against previous
numerical and experimental results, as cited. The flow domain for the problem shown in
Fig. 1 was discretised into triangular elements, with a mesh design of minimum element-size
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Fig. 3 Zoomed section of
meshes: (a) coarse, (b) medium,
and (c) refined
Table 1 Mesh characteristics: coarse (1), medium (2), and refined meshes (3)
Mesh Grid size Elements Nodes Inlet velocity Outlet velocity % error h (mesh size)
1 20×20 800 1681 0.946288 0.943759 0.2680 0.1
2 40×40 3200 6561 0.997218 0.997189 0.0029 0.05
3 80×80 12800 25921 0.997242 0.997241 0.0001 0.025
Fig. 4 Spatial mesh
convergence, based on mass
conservation of
combining-separating flow
of 0.025L. A finite element mesh of the domain consists of 12800 total numbers of elements,
25921 total numbers of nodes and 1900 total boundary nodes. Typical time-steps involved
were t = 10−4 for both Newtonian and non-Newtonian fluids. Steady-state solutions are
extracted subject to a time-stepping relative increment tolerance of 10−6 employing five
mass iterations per Jacobi iterative step.
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5.1 Influence of inertia
Streamline patterns Flow patterns in a combining-separating configuration are an impor-
tant feature, found useful to establish the presence of stagnant regions, and the efficiency of
the overall flow process. Herein, solutions are analysed by presenting streamline patterns,
via stream traces, that are plotted at equal intervals in each of the two flow regions of re-
versed and unidirectional flow. The particular flow domain used is important in that it aids
determination of the bulk flow and the quantification of vortex formation (relatively static
zones). In order to interpret the effects of inertia, the flow of a Newtonian fluid has been
examined and numerical predictions are presented for the wide-gap geometry (β = 2.875L)
with increasing Reynolds number. It is observed that the flow responds to the presence of the
gap and breaks up, with some flow reversal and flow merging in both upper and lower exit
channel sections of the geometry. For a relatively low Reynolds number flow, viscous forces
dominate those due to inertia and these prove sufficient enough to sustain unidirectional flow
throughout the channel.
For this Poiseuille-type driven combining flow (see Fig. 5a), solutions are obtained up to
Reynolds number Re = 20 without significant change in flow structure, with two stagnant re-
gions emerging from the solid channel walls in the middle of the geometry. With increasing
inertia (25 < Re < 50), these stagnant regions begin to recirculate and grow in size, being
symmetrically placed with respect to each other and about the central horizontal and vertical
lines of symmetry through the geometry. In this progression, for 25 < Re < 30, a pair of twin
vortices form, which strengthen and collide to form a single large central vortex in the ge-
ometric gap of the domain. A zoom behind the centrally positioned insert plates in the exit
flow channel arms (100 < Re < 300), reveals the formation of an additional recirculation
(from around Re ∼ 100), lying parallel to the plates initially and becoming more inclined
away from the plates as the level of inertia increases, with the strength of the central vortices
decreasing somewhat to compensate. These observations lie in close correspondence with
available numerical observations (Walters and Webster 1982; Baloch et al. 1995b) validated
against experimental results up to Re = 30.
Likewise, for the simulation of a Newtonian separating flow (typical representation of a
Newtonian food system in the swallowing cannals (Nicosia and Brasseaur 2002)) through
the domain as in Fig. 1b. The streamline patterns generated are recorded in Fig. 5b, with
results obtained up to Re = 100. Vortices were observed at Re = 30 and above. From these
observations, the outcome illustrates how a food-like material, classified as a Newtonian
fluid, would flow through a separating channel. In particular, a distinct vortex is seen to
begin to form just behind the plates at the centre of the channel. This reflects the sort of
anticipated patterns that might emerge in the vicinity of the epiglottis, at the end of the
pharynx and at the opening to the oesophagus (gap reflecting an open valve setting), during
a typical swallowing process. These vortices further develop and expand at Re = 50 and
above.
Velocity profiles In Fig. 6, the velocity profiles along the (lower-red and top-green) cen-
tre of the channel arms are shown for the combining-separating flow. From such graphs,
one may clearly observe the impact on the velocities due to vortex development activity.
Up to Re = 20, no vortex is observed; this can be gathered from the distinct gap between
the bottom-channel flow and the top-channel flow, as Reynolds number increases. This gap
decreases leading to the initial development of the united vortex at Re = 25. This central
vortex, once formed, then fully develops as shown at Re = 50, where the two velocity pro-
files overlap. Also a tiny vortex, which begins to form behind the insert plates, is apparent
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Fig. 5 (a) Streamline for
Newtonian combining-separating
flow; (b) Streamline for
Newtonian separating flow
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Fig. 6 Variation of velocities with increasing inertia
Fig. 7 Pressure profiles along
the bottom-channel arms with
increasing inertia
here at Re = 50, in the location where the velocity suddenly increases just passed the ge-
ometric gap. Both the central vortex and the vortex behind the insert plates, fully develop
as Reynolds number is increased up to Re = 300. The two line-plots in the graph reveal
that, whatever flow kinematics is sustained in the lower-channel arms, corresponding forms
emerge likewise in the top-channel arms.
The total velocity differences demonstrate the velocity drop from entry to exit for both
the lower and top-channel arms. As Reynolds number increases from Re = 20 to 300, the
perturbation in velocity across the geometric gap increases, and hence the total velocity
differences gradually rise. There is a rapid increase in the velocity differences from 50 <
Re < 300, this observation reflects the influence of inertia on the velocities as the large
central vortex develops.
Pressure profiles Pressure profiles are observed and reported along the centre x-axis of the
bottom-channel arms. The results are shown in Fig. 7 and are useful for determining patterns
in vortex development, noting that vortex formation corresponds to areas of low pressure.
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From Fig. 7, both fluid inlets are flowing towards the centre of the channel and respond to the
presence of the gap; this results in an increase in pressure towards the centre of the channel.
With an increase in inertia/flow rate, fluid pressure also rises, causing a higher pressure at the
centre of the channel. In streamline patterns, vortex development is visible at Re = 25, where
the level of inertia/flow rate of the fluid causes the pressure to slightly increase towards the
channel centre. Similar trends are observed with increase in Re up to 50. At the larger levels,
from Re = 100 to 300, due to the rapid increase in pressure towards the inlet channel arm,
a decrease in pressure is observed towards the outlet channel arm, causing a further vortex
to form behind the insert plates; this is clearly visible at Re = 100 and correlates with a
decrease in pressure, as shown in Fig. 7. The numerical solutions reveal that as the Reynolds
number rises, the pressure across the channel also increases.
6 Inelastic and viscoplastic fluid flows
Following the above analysis, it is instructive to give some consideration to material change
and introduce yield stress effects. Hence, the combining-separating flow of an inelastic and
viscoplastic fluid was conducted under the configuration presented in Fig. 1. As above, the
mesh discretisation was precisely that used for the earlier Newtonian flow.
Inelastic and viscoplastic fluid flow are characterised by three parameters, through the
combination of power-law model and Bingham model. These three parameters are the power
index m, the consistency index k, and the yield stress τ0. The interest here lies in studying
the independent variation of these parameters and investigating the corresponding effects
upon the resultant steady-state solutions.
6.1 Inelastic shear-thinning power-law representation
Focussing on the combining-separating flow configuration, the first parameter of interest
is the power index (m), which manifests itself through the fluid viscosity, so that when
m < 1 shear-thinning behaviour is apparent. Typical pseudo-plastic fluids used in industrial
applications, include starch solutions, emulsions, paints and some drilling muds. In this
work, we are particularly interested in analysing the effects on flow response of variation in
the power index (m) and consistency index (k).
6.1.1 Effect of variation in power index, m
Vortex development The vortex development with power index, m, is shown in Fig. 8,
under a consistency index of unity, k = 1.0. Here the simulation was conducted at Re = 25
and Re = 50, in the moderate thinning range of 0.7 < m < 0.9, and in order to observe
vortex development. From Fig. 8a (Re = 25) the trends show that decreasing m affects the
development of the vortex by slightly increasing the size of the vortex formation, at the top
and bottom centre of the channel. Also in Fig. 8b, with a decrease in m, a vortex is observed
to form behind the insert plates, at Re = 50 and m = 0.9, which develops slightly more as
m was decreased to 0.8.
Velocity profiles Figure 9 shows the velocity variations with decreasing m for shear-
thinning fluids, focussing on the central flow region and the flow along the bottom-channel
arms. As m-parameter was reduced, the maximum core-velocity in the bottom-channel arm
is observed to decrease with increased shear-thinning; this position is maintained along the
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Fig. 8 Effect of power-law index
m on vortex size. (a) Re = 25,
k = 1; (b) Re = 50, k = 1
Fig. 9 Velocity profiles along
the bottom-channel arms with
power index m (Re = 25, k = 1)
channel. The velocity reduces rapidly towards the centre of the channel, where the recir-
culation takes place, and the departing flow increases rapidly in velocity up to that of inlet
flow. From Fig. 9, at the beginning of the outlet channel arm, a small variation in velocity
is observed, highlighted on the graph; this variation is caused by the vortex formation be-
hind the insert-plates, as shown in the streamlines patterns of Fig. 8a. At m = 0.9 and up to
m = 0.7, the vortex is not visible in the streamline patterns, but a small variation in velocity
is observed, as in Fig. 9. Hence, these data signal the onset and initial development of this
vortex.
Velocity difference relates to the decline in velocity from Umax to Umin. It is observed that
as m decreases for shear-thinning fluids, the velocity differences increase. Viscosity of the
fluid decreases as power index m increases, and the maximum shear rate also decreases with
rising m. Typical fluids with these types of viscosity and shear rate variation include natural
polymeric fluids used in the liquid manufacturing industries. The increase in the viscosity
of these fluids causes an increase in resistance to flow due to the internal fluid friction, and
hence, velocity differences rise with distance normal to the direction of the flow.
Mech Time-Depend Mater (2011) 15:407–428 421
Fig. 10 Pressure profiles along
the bottom-channel arms with
power index m (Re = 25, k = 1)
Fig. 11 Effect of
consistency-index k on vortex
size (Re = 25, m = 0.7)
Pressure profiles Variation in pressure against power index m is monitored through its
influence on pressure profiles throughout the bottom-channel arm, as illustrated in Fig. 10.
It is noted that as m decreases, there is somewhat of a decline in pressure across the channel.
Hence, for example with m = 1.0, the pressure at the inlet is at the level of 192 units; then
as m declines to 0.9, the pressure reduces to 168 units; at m = 0.8 and 0.7, the pressure
gradually drops to 146 and 126 units, respectively. These findings explain why there is an
increase in vortex size with decreasing m, as shown in Fig. 8.
6.1.2 Effect of variation in consistency index, k
Vortex development The second parameter of interest is the consistency index k. This pa-
rameter adjustment also manifests itself in viscosity change in the steady solutions gener-
ated. Based on power index of m = 0.7, at Re = 25, the streamline patterns generated may
be analysed as a function of consistency index k, through values of k = 0.75, k = 0.5 and
k = 0.25, and as shown in Fig. 11. It is clearly observed that as k is decreased, the twin
vortex, which begins to form at the centre of the channel, fully develops into a single large
united vortex. Oncemore as above, a second vortex is also visible behind the insert-plates,
and this further develops at k = 0.5 and k = 0.25. This response in behaviour remains valid
for other levels of shear-thinning fluids likewise.
Velocity profiles The analysis of velocity profiles across the channel, as a function of k, is
illustrated in Fig. 12. This shows the pattern of variation in velocity with decreasing k and
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Fig. 12 Velocity profiles along
the bottom-channel arms with
consistency index k (Re = 25,
m = 0.7)
Fig. 13 Pressure profiles along
the bottom-channel arms with
consistency index k (Re = 25,
m = 0.7)
demonstrates the impact this has on vortex development. Towards the centre of the channel
and behind the insert plates, we observe how velocity profiles vary, leading to the localised
vortex development, as seen in Fig. 12. With decreasing k, the fluid viscosity decreases,
therefore the internal friction of the fluid decreases which leads to less resistance to flow
and hence elevates levels of deformation rate. Hence as k decreases, the velocity difference
is seen to rise.
Pressure profiles The pressure profiles, as a function of the consistency index k, are shown
in Fig. 13. The trends show that as k decreases, the pressure at the inlet drops rapidly. At
k = 1, the pressure level lies initially at 128 units; as k is reduced through sequence values
of {0.75, 0.5, 0.25}, the pressure reduces to {98, 68, 40} units, respectively. Therefore with
lower k values, we achieve equivalent flow structures, but sustained by lower pressure drops.
Conversely with increasing k, the pressure drop across the channel tends to increase rapidly.
6.2 Viscoplastic Bingham yield stress representation
Coal suspensions, slurries, paints, printer inks, sludge are typical viscoplastic Bingham flu-
ids which can be mixed under industrial processing. Here analysis has been conducted on the
influence of yield stress on the flow of such types of fluid in related combining-separating
flow configurations.
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Fig. 14 Streamline for
viscoplastic Bingham fluids
(Re = 25)
Fig. 15 Shear-rate and viscosity
contours across the channel for
viscoplastic Bingham fluids
(Re = 25, τ0 = 0.1)
6.2.1 Effect of yield stress, τ0
Vortex development The stream traces for yield stress fluids in these flows are shown in
Fig. 14. Observations are that as yield stress values are decreased, there is a substantial
increase in the size of the vortex region. Hence, for Re = 25, at lower values of yield stress
(τ0 = 0.001), vortex formation is observed at the centre of the channel; and these vortices
increase in size as yield stress values are further reduced (to τ0 = 0.0001). It is important
to note that when the level of yield stress rises, more inertia is required in order to drive a
central vortex. This is in agreement with the observations of Savreux and Jay (2007) that
vortices are found to diminish and disappear as yield stress is introduced and subsequently
increased.
Shear rate and viscosity The viscosity and shear-rate contours as a function of yield stress,
τ0 (Re = 25) are displayed in Fig. 15. The flow regions at the inlet and outlet walls and
around the insert plates are identified as being exposed to high shear rates, therefore the
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Fig. 16 Growth of unyielded
region (light green) for
viscoplastic Bingham fluid
(Re = 25)
Fig. 17 Streamline for
Herschel–Bulkley fluid
(Re = 25.0, m = 0.7, k = 1.0)
viscosity in these areas tends to be reduced for τ0 = 0.1 and this is valid for any level of
yield stress.
Yielded and unyielded regions Figure 16 illustrates the growth of unyielded regions for the
flow of the viscoplastic Bingham fluid across the combining-separating flow domain. The
yield-front cut-off employed is based on the magnitude of stress exceeding the yield stress
level, which is set in any given instance. At the relatively large yield stress level of τ0 = 0.1,
the unyielded region increases and there is no evidence of vortex formation. This is a direct
consequence of the lack of any significant deformation present in these zones.
7 Herschel–Bulkley modelling
This analysis was conducted with the combination of the power-law and yield stress mod-
els, at Re = 25.0, m = 0.7, k = 1.0 and yield stress levels of 0.01, 0.001, and 0.0001 (for
combining-separating flow), taking into account variation under the two parameters, the
power-law index m and the yield stress τ0. Recall that viscous regularisation is imposed on
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Fig. 18 Growth of unyielded
region (light green) for
Herschel–Bulkley fluid (Re = 25,
m = 0.7)
Fig. 19 Streamline for
Herschel–Bulkley separating
flow. (a) Re = 50.0, m = 0.6,
k = 1.0; (b) Re = 100.0,
m = 0.8, k = 1.0
the Bingham and Herschel–Bulkley models, by fixing a constant viscosity value at a pre-
scribed low shear-rate level. From Fig. 17 and the streamlines patterns for the HB fluid,
observations agree with like trends for the viscoplastic Bingham fluid—that as yield stress
increases; the formation of a vortex disappears at yield stress values of 0.01 and above. Also
due to change in power index (m) (omitted under Bingham fluid modelling), the vortex size
tends to be slightly more exaggerated than that observed with the viscoplastic Bingham fluid.
Compared against the power-law fluid at the same levels of power index (m) and consistency
index (k), variations in the streamlines patterns would indicate that there is little to no vortex
activity at higher yield stress levels. Figure 2 shows the viscosity and shear-rate profiles (in
log-scale) and tends to explain why there is some vortex formation at low levels of yield
stress. With increase of τ0 up to yield stress of 0.1, the unyielded region expands with no
vortex formation evident at these stress levels (see Fig. 18). These observations show clearly
the influence of rheological variation on the flow patterns and structures thereof.
In comparison for separating flow configurations, some simulations have been conducted
for different inertial levels (flow rates) and shear-thinning levels at a fixed yield stress value
of τ0 = 0.01. Observations reveal that at low inertial levels (Re = 50) and high levels of
shear-thinning (m = 0.6), vortices are again formed under the separating insert plate, as
shown in Fig. 19a. Then as inertial levels rise to Re = 100, with a decrease in the level of
shear-thinning (m = 0.8), these vortices expand rapidly due to the prevailing conditions, see
Fig. 19b. From the shear-rate and viscosity contours of Fig. 20, one can clearly detect that
viscosity levels tend to be extremely low around the inlet wall regions; hence shear rate in
these regions will rise.
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Fig. 20 Shear-rate and viscosity
contours across the channel for
Herschel–Bulkley separating
flow (Re = 50, m = 0.6)
8 Conclusions
In this article, numerical simulation has been conducted for Newtonian and viscoplastic
fluid models under combining and separating flow configurations in planar channels. Nu-
merical solutions are described through streamline patterns, velocity profiles and pressure
profiles. The overall study demonstrates the effective performance of a fractional-staged
Taylor–Galerkin pressure-correction scheme for these complex inelastic flows when used in
combination with an imposed viscous regularisation on the Herschel–Bulkley fluid model
and its variants. The numerical solutions generated prove to be qualitatively in close agree-
ment with available numerical and experimental results. The Newtonian problem serves as a
benchmark to analyse its prominent features and upon which to introduce fluid rheological
properties. Numerical results were obtained for steady flow situations and validated against
published data. For Newtonian fluids, the flow was investigated for the influence of inertia
under two forms of flow configurations, with Poiseuille-type driving flow, a dual-inlet/outlet
combining-separating flow and a single-inlet/dual-outlet separating flow The streamline pat-
terns have been extracted from which alternative vortex formations have been observed. For
both the dual-inlet flow and the single-inlet separating flow, with increasing inertia, flow
reversal patterns have been detected, with an increase in the central core vortex sizes, and
a vortex was formed behind both insert plates at Re = 100 and above. This trend agrees
well with previous experimental and numerical published data. Analysis on the velocity and
pressure profiles shows that with increasing inertia, the velocity and pressure also rise across
the channel.
Under rheometrical variation, initial considerations were given to an unyielded fluid, fo-
cussing on the effect of variation in power index m on vortex sizes, velocity profiles and pres-
sure drop. Findings have shown that with decreasing power index m, the vortex sizes slightly
increase, velocity gradients also increase whilst pressure gradients decline. Analysing vari-
ation in viscosity against shear rate, at low power index m, larger viscosities were observed
in and around the wall regions with lower shear rates.
Viscoplasticity was then introduced through the Bingham model, taking into account
only yield stress variation. Results have shown that decreasing yield stress levels, increases
the yielded regions in the splitting and combining flow zones. This has lead to the formation
of a vortex at inertial levels of Re = 25 and above; also a slight increase in pressure is
observed at yield stress values of 0.01 and above.
Lastly, a more generalised rheological modelling has been conducted under the Herschel–
Bulkley model, where there is the combination of inelastic behaviour and yield stress re-
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sponse. Under such combined properties and at the larger yield stress levels of 0.1, there is
then little to no vortex formation at inertial levels of say around Re = 25.
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